On the basis of the Keldysh method of nonequilibrium systems, we develop a theory of electron tunneling in normal-metal-superconductor junctions. By using the tunneling Hamiltonian model ͑being appropriate for the tight-binding systems͒, the tunneling current can be exactly obtained in terms of the equilibrium Green functions of the normal metal and the superconductor. We calculate the conductance of various junctions. The discrepancy between the present treatment and the well-known scheme by Blonder, Tinkham, and Klapwijk is found for some junctions of low interfacial potential barrier.
I. INTRODUCTION
One of the powerful methods of detecting the quasiparticle states in a superconductor is to measure the conductance of a junction made up of a normal-metal and a superconductor ͑NS͒. There have been developed many theories describing the electron-tunneling phenomenon. In the case of the high interfacial potential-barrier limit, the linear-response theory is a well-known description. 1 But it is not valid for describing the electron transport in the low potential-barrier limit.
To calculate the conductance in more general cases, Blonder, Tinkham, and Klapwijk ͑BTK͒ have developed a theory by supposing that the system is in such a nonequilibrium state that only the incoming particles have equilibrium distributions. 2 This theory has been widely used for analyzing the tunneling phenomena in various NS junctions, and also has been extended for investigating electronic tunneling in Josephson junctions. 3 When a finite voltage is applied to a junction, the electron transport in the junction is a nonequilibrium process. We would like to consider the case when the current passing through the junction is a constant. The electron transport process is then a steady state. Such a nonequilibrium problem can be solved by the Keldysh approach. 4 In fact, this approach has been applied by a number of investigators for studying the tunneling in junctions of normal metals 5, 6 and the electron transport under impurity scattering. 7 In this paper, we present a tunneling theory along this direction. We will start with a tunneling-Hamiltonian model defined in a square lattice. This model is appropriate for the tight-binding systems. The tunneling current can be exactly obtained in terms of the equilibrium Green functions of the normal metal and the superconductor. By so doing, all the effects of external voltage on the tunneling current can be rigorously taken into account. Moreover, it can be extended to study the tunneling in the point-contact junctions as in the scanning-tunneling microscope measurement.
II. FORMALISM
We consider a junction consisting of a normal metal on the left side and a superconductor ͑SC͒ on the right side. In the Nambu representation, the tunneling Hamiltonian describing the electron-transport processes in the junction is given by
where c r † ϭ(c r↑ † ,c r↓ ) is the field operator for particles in the right superconductor, and c l † is similarly defined for the left metal, T rl ϭT lr † ϭt 0 (͉y r Ϫy l ͉) 3 , and y r and y l are, respectively, the coordinates of the sites r and l along the interface. The r and l summations in Eq. ͑1͒ run over the edge ͑inter-face͒ sites on the two sides of the junction, respectively. The function t 0 (͉y r Ϫy l ͉) may be taken as real. For simplicity of description, we suppose that the lattice sites ͕r͖ along the edge are equally spaced the same as ͕l͖. Suppose there is a voltage V applied between the junction, the total Hamiltonian of the system is given by
where H l and H r are the intrinsic Hamiltonians of the left metal and the right superconductor, respectively, and N l is the total electron number of the left metal. We here adopt the tight-binding model for H r which contains a hopping term and an attraction term. For H l , we keep only the hopping term.
To define the tunneling-current operator, we first consider the charge operator for the right SC. Apart from a constant, it can be written as
The operator of the current through the junction from left to right is then obtained as Now, let us choose the unperturbed state described by H 0 as our reference system. This reference system consists of the unperturbed normal metal and the SC on two sides of the junction, each of them in its own equilibrium state. For the purpose of employing the grand canonical ensembles, we use K l ϭH l Ϫ( l ϩeV)N l and K r ϭH r Ϫ r N r to describe the normal metal and the SC, respectively. Here, l and r are, respectively, the chemical potentials of the normal metal and the SC, and N r is the total number of electrons in the SC. At the steady state, we have r ϭ l ϩeV in order to maintain charge neutrality in the bulk of each side. To calculate the statistical average of a physical quantity, we need to write the related operators in the interaction picture. An operator of physical quantity, e.g., the current Î(t), in the interaction picture at time t is defined as
This operator can be further rewritten in terms of the field operators,
where c r † (t)ϭexp(iK r t)c r † exp(ϪiK r t) ͓and a similar definition for c l (t)͔, T rl (t)ϭT lr † (t)ϭT rl exp(ieVt 3 ). The form for Î(t) as given by Eq. ͑5͒ is convenient for the statistical average over the grand canonical ensembles. Similarly, the tunneling Hamiltonian can be written as
For applying the Keldysh method, it is convenient to define the field operator,
where the subscripts ϩ and Ϫ on time t mean the operators defined in the time branches (Ϫϱ,ϱ) and (ϱ,Ϫϱ), respectively. Accordingly, we define a perturbation Hamiltonian,
where
The matrix z is the third Pauli matrix defined in the space corresponding to the two time branches. To distinguish with that, we reserve 3 as the third Pauli matrix defined in the particle-hole space. The Green function is defined as
where T is the Keldysh time-ordering operator.
With the above definitions, the current under the statistical average can be expressed as
To calculate the current, we need to know the Green's function G lr (t,t). It can be determined from the Dyson equations. Let L and R denote the Green's functions ͑as 4ϫ4 matrices͒ for the left metal and the right SC, respectively ͑with the superscript 0 for the unperturbed ones͒. By assuming that the system is uniform along the direction parallel to the interface, we can then work in the momentum space. Here, the momentum is parallel to the interface. The Dyson equations are
where 3 , and the range of time integrals is from Ϫϱ to ϱ. Note that the Green's function L k 0 (t 1 ,t 2 )ϭL k 0 (t 1 Ϫt 2 ) consists of four diagonal matrices. The factors exp(ieVt 1 3 ) and exp(ieVt 2 3 ) commute with the matrix L k 0 (t 1 ,t 2 ). The self energy ⌺ k (t 1 ,t 2 ) ϭ⌺ k (t 1 Ϫt 2 ), and thereby the Green's function R k (t,tЈ) ϭR k (tϪtЈ) are functions of time difference. We can, therefore, take the Fourier transformation of the Dyson equations. In the frequency space, these equations have the usual forms except
With the help of the Dyson equations, we can write the factor ͚ rl T rl (t)G lr (t,t) in the expression of I as
Inserting Eq. ͑15͒ into Eq. ͑10͒ and taking the trace of timebranch space, we have
Here L ϩ 0 and R ϩ 0 (L Ϫ 0 and R Ϫ 0 ) are the retarded ͑advanced͒ Green's functions ͑as 2ϫ2 matrices in the Nambu space͒ of equilibrium state, L f and R f are the Keldysh functions, t 0 2 ϭ͉t 0 (k)͉ 2 , k B is the Boltzmann constant, and T is the temperature of the system. By noting the relationships 2 , it is enough to only take the frequency integral in Eq. ͑16͒ in the range (0,ϱ). The front factors in the Keldysh functions take part of the roles of quasiparticle distribution functions. The additional term ϪeV 3 reflects the chemical potential shifts of the quasiparticles in the left metal.
III. GREEN'S FUNCTIONS OF THE EQUILIBRIUM STATE
To calculate the tunneling current I, we need to know the Green's functions L 0 and R 0 . If we know the wave functions n and energies E n of the quasiparticles, e.g., for the SC, we can obtain R 0 by
where n takes the edge value. Since we have taken the Fourier transformation for the dependence on the coordinates parallel to the interface, the wave function n ( j) depends on the x coordinates ͑normal to the edge͒ of lattice sites, j ϭ͕1,2, . . . ͖; the edge value is n (1).
For illustration, we here consider a d-wave SC and suppose that the order parameter is constant everywhere. The wave functions can be determined analytically by the Bogoliubov-de Gennes ͑BdG͒ equation. As an example, we consider the tight-binding model defined in a semi-infinite square lattice with a ͕11͖ edge. The BdG equation reads
where H j j ϭϪ 3 , H j, jϪ1 ϭϪ2t cos k 3 Ϫi2⌬ sin k 1 for jу2, H j, jϩ1 ϭϪ2t cos k 3 ϩi2⌬ sin k 1 , otherwise H i j ϭ0, t is the hopping energy of electrons between nearest-neighbor sites, and ⌬ is the order parameter. Here, we have used the unit ͱ2/a ͑with a the lattice constant͒ for the momentum k, and k is confined to a Brillouin zone (Ϫ/2,/2). There are two kinds of solutions to Eq. ͑18͒: The continuum states and the surface bound states. The continuum states are generally degenerate. To distinguish them, we can consider each eigenwave function contains a unique incoming wave component or a unique outgoing wave component. We then characterize the wave function by the incoming wave number q or the outgoing wave number q ␣ . For example, the wave function and energy of state q can be written as
where 0 's are the plane-wave solution to the infinite system, e(q,k)ϭϪ4t cos q cos kϪ ͑with the chemical potential͒, ⌬(q,k)ϭϪ4⌬ sin q sin k. The coefficients a ␣ are determined by the boundary condition at jϭ1. The summation over ␣ in Eq. ͑19͒ runs over all the outgoing components with E(q ␣ ,k)ϭE(q ,k). It is worth noticing that sometimes we may have complex q ␣ 's, the summation then should be taken at those q ␣ 's corresponding to decaying waves.
The number of the bound states is determined by the Levinson theorem. 9 Under the assumption that the order parameter is constant, we only have the state with E n ϭ0 for each ͉k͉рk m (k m is very close to the Fermi wave number͒. 8, 10 For E n ϭ0, it can be shown that the two components u k ( j) and v k ( j) satisfy the relation
Suppose u k ( j)ϭz j with z (͉z͉Ͻ1) a complex quantity for the general solution. Corresponding to z, we have a complex number qϭϪi ln(z). The equation E(q,k)ϭ0 determining the eigenvalue reduces to
The solutions to Eq. ͑22͒ are
where c 1 ϭ4t cos k and c 2 ϭ4⌬ sin k. Note z ϩ z Ϫ ϭ(c 1 Ϫc 2 )/(c 1 ϩc 2 ), therefore, ϭsgn(k) whereby ͉z ϩ z Ϫ ͉ Ͻ1. The wave function is given by
Ϫ1 ͔ the normalization constant. This wave function satisfies the boundary conditions at jϭ1 and j→ϱ provided ͉z Ϯ ͉Ͻ1. If 2 Ͻ(c 1 2 Ϫc 2 2 ), then z ϩ and z Ϫ are complex conjugates of each other, and ͉z Ϯ ͉Ͻ1. On the other hand, if 2 Ͼ(c 1 2 Ϫc 2 2 ), both of them are real. In this case, there may be no bound state unless both ͉z Ϯ ͉Ͻ1.
With the knowledge of the wave functions, the Green's function R 0 can be calculated by Eq. ͑17͒. As for L 0 of the normal metal, it contains only the continuum states. The wave functions can be obtained immediately from Eq. ͑18͒ by setting ⌬ϭ0. The resulted Green's function is given by
Ϫe͑q,k ͒ 3 . ͑25͒
IV. COMPARISON WITH THE BTK THEORY
Obviously, the present treatment is a nonperturbative theory. It takes into account all the effects of the voltage within the model. At this point, it is instructive to compare our theory with the BTK theory. In the BTK model, only the incoming particles in each side of the junction are described by the equilibrium distributions with the chemical potential shift of the left metal due to the external voltage. But, the outgoing particles are not described by the equilibrium dis-tributions. The quasiparticle states in the whole system are determined by the Bogoliubov-de Gennes equation that is independent of the external voltage. The tunneling current is calculated as the result of the current by the incident particles from the left metal minus that from the right SC. In contrast, in the present consideration, the particle distributions are referred to the reference system. Since in the interaction picture, the tunneling Hamiltonian depends on time, there cannot be quasiparticle states for the whole system. Each state in both sides of the junction has its lifetime because of the nonequilibrium process between the interface. From the Green's function, the lifetime of a quasiparticle is determined by the inverse of the imaginary part of the self-energy. In this approach, the transport process is treated by the equivalent of time-dependent perturbation theory to all orders, which leads to lifetimes. The electron transport is the process of quasiparticles decaying. On the other hand, in the BTK model, the transport process is treated by the timeindependent perturbation theory to all orders, which determines the quasiparticle states in the whole system, with infinitive lifetimes for the continuum states. Therefore, the mechanisms of electron transport through the junction by the two theories are very different.
For numerical comparison, we need to present the BTK scheme in the lattice model. The basic work in the scheme is to solve the BdG equation for the wave functions of quasiparticles in the whole system. An eigenwave function characterized by an incoming wave in the left metal can be written as the incoming wave plus all the reflected waves ͑including the Andreev and the ordinary reflections͒, with the transmitted waves in the right SC including all the outgoing waves. One needs only then consider the boundary condition at the interface barrier. By denoting the wave functions in the left and right sides, respectively, by l ( j) with jϭ͕Ϫ1, Ϫ2, . . . ͖ and r ( j) with jϭ͕1,2, . . . ͖, the BdG equation at the interface barrier reads
Equations ͑26a͒ and ͑26b͒ are nothing but the boundary conditions. With the wave functions, one can immediately calculate the tunneling current according to the BTK theory. To see the difference between the present and the BTK theories, we have carried out the numerical calculations of the tunneling conductance
for normal-metal-d-wave superconductor junctions with ͕110͖ and ͕100͖ interface at various barrier strengths. For presentation, we normalize G by Ne 2 / (បϭ1) with N being the total number of the lattice sites on one side of the interface. The basic parameters for the SC are tϭ176 meV, hole concentration ␦ϭ0.15, attractive potential between the nearest-neighbor sites vϭ124 meV. The transition temperature T c and the order parameter ⌬ 0 are obtained as T c ϭ90 K, and ⌬ 0 ϵ4⌬͉ Tϭ0 ϭ16.7 meV, respectively. As stated before, the Hamiltonian of the left metal contains only the hopping term. We assume that the hopping energies of both sides of the junction are the same. For simplicity, we choose the tunneling matrix element as t 0 (k)ϭt 0 .
The numerical result for the normalized conductance as a function of V for an NS (d-wave͒ junction with ͕100͖ interface at Tϭ0 is shown in Fig. 1 . The tunneling parameter t 0 /tϭ0.5 is used. Though the interfacial potential barrier at this parameter is not very high, the agreement between BTK and the present theories is very good. A small t 0 means a high interfacial potential barrier. At the high potential barrier limit, both theories reproduce the linear response result ͓1͔. However, at t 0 /tϭ1 corresponding to a weak barrier, the discrepancy is clear as shown in Fig. 2 . At weak barrier and small voltage ͉eV͉р⌬ 0 , the Andreev reflection is the pre- Under the present assumption, however, the transport is due to the decay of quasiparticles in both sides. Such a decaying process is more complex than the BTK picture. The difference between the two theories at small ͉eV͉ is mainly due to the different treatment of the tunneling Hamiltonian ͑i.e., time-dependent vs time-independent perturbation theory͒. The voltage effect in L 0 is important only at large ͉eV͉, because the relevant dimensionless parameter is the ratio eV/E F ͑with E F the Fermi energy of the left metal͒. The voltage effect is more evident at VϽ0 than at VϾ0, because more precisely the parameter is actually ͉eV/(E F ϩeV)͉. At negative voltage, the chemical potential of the left metal shifts upward, resulting in electrons right below the Fermi surface within the energy range (E F ϩeV,E F ) transferring into the right SC. At positive voltage, the states in the energy range (E F ,E F ϩeV) in the left metal are available for the electrons in the right SC to transfer in.
In Fig. 3 , we show the results for the junctions with ͕110͖ interface at t 0 /tϭ1. In this case, the results by both theories are in excellent agreement. The agreement is even better at smaller t 0 . At ͉eV͉Ͻ⌬ 0 , the conductance G is given by a broadened zero-bias peak. Actually, there are zero-energy bound states in the right SC near the interface, with lifetime due to tunneling. The tunneling current is predominantly conducted by these states. The width of the broadening is mainly determined by the tunneling parameter t 0 rather than by the external voltage. Because of the existence of these states, the particle transmission through the junction for ͉eV͉Ͻ⌬ 0 is a resonant process. These resonance states exist in the BTK model as well. At least at eVϭ0, both theories produce the same resonance states with the same energy broadening. Therefore, we can understand the excellent agreement near eVϭ0.
The discrepancy between the two theories is even more clear for the normal-metal-conventional-superconductor junctions. Figure 4 shows the result for an NS (s-wave͒ junction with ͕100͖ interface at Tϭ0 and t 0 /tϭ1. The parameters for the SC are, the chemical potential ϭϪ0.3t, the on-site pairing parameter ⌬ 0 ϭ0.02t. The conductance predicted by the present theory is only about 78% of that of BTK for ͉eV͉/⌬ 0 р1 where the conductance is almost a constant. Qualitatively, the electron transport in this junction is similar to that in the NS (d-wave͒ junction with ͕100͖ interface. The explanation for Fig. 2 applies here.
V. AN APPROXIMATION SCHEME
When eV/E F Ӷ1, the dependence of L 0 on the external voltage is very weak. We can then drop eV in L 0 . By this approximation, the conductance G is given by
where gϭcosh Ϫ2 ͓(ϩ 3 eV)/2k B T͔/2k B T is the only fact which depends on eV. In Fig. 4 , the result by Eq. ͑28͒ is also plotted. At small voltage, the approximation is in very good agreement with our main theory. However, at large voltage, the approximation reproduces the BTK result. This clearly shows that the discrepancy between our main theory and the BTK theory at small voltage is not due to the voltage effect in L 0 . In the case of eV/E F Ӷ1, Eq. ͑28͒ is a simple but good scheme for calculation of the conductance.
VI. SUMMARY
In summary, on the basis of the Keldysh approach, we have developed a theory of electron transport in normalmetal-superconductor junctions to all orders in the applied voltage and the barrier strength. In the present scheme, the tunneling current is given in terms of renormalized Green's functions of a steady state. It can give a reliable description of the electron tunneling, including the ballistic transport in NS junctions. We have calculated the tunneling conductance for various NS junctions using the present formalism and have compared it with the BTK theory. In most cases, both theories agree with each other. However, for some junctions of low barrier strength, the discrepancy between the two theories can be sizable. 
